A generalized description of entanglement and quantum correlation properties constraining internal degrees of freedom of Dirac(-like) structures driven by arbitrary Poincaré classes of external field potentials is proposed. The role of (pseudo)scalar, (pseudo)vector and tensor interactions in producing/destroying intrinsic quantum correlations for SU(2) ⊗ SU(2) bi-spinor structures is discussed in terms of generic coupling constants. By using a suitable ansatz to obtain the Dirac Hamiltonian eigenspinor structure of time-independent solutions of the associated Liouville equation, the quantum entanglement, via concurrence, and quantum correlations, via geometric discord, are computed for several combinations of well-defined Poincaré classes of Dirac potentials. Besides its inherent formal structure, our results set up a framework which can be enlarged as to include localization effects and to map quantum correlation effects into Dirac-like systems which describe low-energy excitations of graphene and trapped ions.
I. INTRODUCTION
The map of controllable physical systems onto the Dirac equation formal structure has been in the core of recent investigations which search for reproducing quantum relativistic effects, such as the zitterbewegung effect and the Klein tunneling/paradox, on table-top experiments [1] [2] [3] [4] [5] [6] . For instance, the low energy excitations of bilayer graphene has been effectively described by a Dirac-like equation [2] , in the same route that the engendering of Jaynes-Cummings Hamiltonian has allowed to simulate Dirac dynamics with a single trapped ion [1] . On the front of analogies with the high energy physics, examples of such connection are the black-hole properties in Bose-Einstein condensates [7] , the simulation of Unruh effect in trapped ions [8] and the trembling motion and the Klein's paradox for massive fermions in 2D systems [9] .
Dirac equation was first presented as a relativistic description of quantum mechanics [10] as to preserve the quantum probabilities axioms. In the scope of Coulombian interactions, the fine structure of the Hydrogen atom was derived and the first prediction of existence of antiparticles [11] has been formally presented. On the other hand, given that Dirac solutions support a SU(2) ⊗ SU(2) group structure involving two internal degrees of freedom, the spin and the intrinsic parity, the free particle solutions of the Dirac equation may exhibit spinparity entanglement [12, 13] . Recent results [12, 13] indeed establishes that the SU(2)⊗SU (2) representation of Dirac bi-spinors are assigned to a Hamiltonian dynamics written in terms of the tensor (direct) product of two-qubit operators, H D = σ (1) x ⊗ p · σ (2) + m σ
(1)
2 , through which the free particle Dirac equation solutions are given in terms of spin-parity entangled states. In such a context, the interface of relativistic quantum mechanics and quantum information provides a robust framework to classify and quantify the information content of Dirac bi-spinors and, in particular, the influence of Poincaré transformations on their correlational content [14] .
The inclusion of quantum potentials driven by external fields in the Dirac Hamiltonian is relevant for the study of a wide variety of physical systems [10] , from the Hydrogen atom [11] to hadronic [15, 16] and nuclear physics [17] [18] [19] models. Such external fields are included into the Dirac equation through the addition of potential matrices to the free Hamiltonian, and the possible terms of such matrices are derived by considering the invariance of the resulting Dirac equation under Poincaré transformations [10] . In the scope of Dirac-like systems described by the Dirac equation with external potentials, one can notice, for instance, that the Jaynes-Cummings Hamiltonian can mimic such external fields [20] , or even lattice imperfections in graphene can be described by external field effects on the free Dirac dynamics [21] .
External fields also change the entanglement content of Dirac bi-spinors. In a previous issue, one has investigated how a barrier scattering, implemented by a static electric potential via minimal coupling in the Dirac equation, can either create or destroy (spin-parity) entanglement for free particle states [22] . This has inaugurated a new context in which the entanglement content of bi-spinors can be mapped into Dirac-like systems, providing a framework to compute, for example, spin-spin entanglement of nonrelativistic systems, namely, for electron-hole pairs in graphene, and low-energy excitations of trapped ions.
In this paper one shall identify a systematic approach for deriving spin-parity entanglement properties of Dirac equation bi-spinor solutions driven by several Poincaré classes of Dirac potentials. An ansatz for obtaining stationary solutions of the Liouville equation related to the Dirac Hamiltonian is proposed and applied for identifying and quantifying entanglement and correlation properties of the corresponding quantum states. Explicit analytic results are obtained for external fields organized into four particular categories: the pseudoscalar potential, the pseudoscalar plus tensor potentials, the pseudoscalar plus pseudovector potentials and the pseudoscalar plus pseudovector and tensor potentials. For all of them, vector potential is implicitly included given that it transforms as the kinetic term under Poincaré symmetries. Entanglement is quantified by the quantum concurrence as function of generalized phenomenological parameters such as, for instance, the relative angle between interacting fields, or between fields and particles momentum. For the abovementioned first case involving only the pseudoscalar potential, the geometric discord is also used to quantify quantum correlations.
The manuscript is organized as follows. In Sec. II, the background formalism for identifying the entanglement/separability information content of Dirac bi-spinors is established, and its correspondence with the classes of potential matrices following the prescriptions of [10] is presented. In Sec. III, the discussion about entanglement and quantum correlations is brought up in order to set up the corresponding expressions for the quantum concurrence and for the geometric discord that are derived and interpreted as the quantifiers of the informational content of interacting Dirac bi-spinor states. The ansatz for the density matrix is introduced in Sec. IV, where the formalism which allows for computing the entanglement of the above-mentioned external potential configurations is implemented. Sec. V contains our final conclusions, where remarks and urging perspectives related to the physics of graphene and trapped ions are discussed.
II. DIRAC EQUATION AND POINCARÉ CLASSES OF INTERACTING PO-

TENTIALS
Dirac equation was proposed as a relativistic invariant wave equation that possess a non negative conserved probability density. In its Hamiltonian form, the Dirac equation reads
where p is the momentum, m is the particle mass and one has considered natural units with = c = 1. α and β are anticommuting quantities represented by n × n matrices which must
in order to impose the free particle dispersion relation E 2 = p 2 +m 2 over (1), where throughout the paper, p = | p|, with definition extended to any vector quantity, v.
For the 3 + 1 dimensional space-time representation, n must be even and the minimum dimensionality of α and β is 4. These matrices have different representations interconnected by unitary transformations, and hereafter one may consider one of them as set up by
where σ are the Pauli matrices. Eq. (1) can be written in a covariant form in terms of the Dirac matrices γ µ = (β, β α) as [10] (
with p µ describing the four momentum operator ∼ i∂ µ and x = (t, − x). The Dirac matrices satisfy the anticommutation relation
where η µν is the Minkowski metric tensor.
Any product of γ µ matrices can be reduced to linear and bi-linear compositions through the relation (5), which is used to eliminate pairs of identical matrices. It restricts the number of irreducible products of Dirac matrices to 16 traceless elements,
Besides their linearly independency and their mutual orthogonality, these matrices span the vector space of 4 × 4 matrices, i.e., any 4 × 4 matrix X can be written as a linear combination X = i x i Γ i . Therefore, the introduction of external potentials in the Dirac theory is performed through the addition of a 4 × 4 Hermitian matrix V to the free Dirac
Within this framework V = V ( x, t) includes six terms that are classified according to their transformation properties under Poincaré transformations [10] . In fact, the covariant form of the above equation
where
To (8) be invariant, U must follow the transformation law,
and given that γ 0 L γ 0 = L * −1 , the potential V must transform as
Moreover, if a wave function ψ satisfies the Dirac equation (in its Hamiltonian form) with the potential V , then the Poincaré transformed wave function L ψ(Λ −1
) is a solution of the Dirac equation with the potential given by (11) [10] . By exploring transformation properties one can derive six classes of covariant potentials, U .
For a real valued function φ S (x) that transforms under a Poincaré symmetries as φ S (x) → φ S (Λ −1 (x − a)), a scalar potential is defined by
and can be considered, for instance, to introduce the mass term into the Dirac Hamiltonian.
The real function µ(x) defines the pseudoscalar potential as
Although µ(x) behaves as a scalar invariant under Poincaré transformations, to set the Dirac equation invariant under spatial reflection, P , one has to assume that µ(x) = −µ(P x).
The vector potential is introduced by
interaction term is included into the Hamiltonian via minimal coupling, i. e. by replacing H byH = H − A 0 I 4 and p by P = p − A. As an example, electromagnetic interactions driven by electric and magnetic fields correspond to E = − ∇A 0 (x) − ∂ t A(x) and B = ∇ × A.
The pseudovector potential is defined by means of four real functions
as
which transform as a vector field under Poincaré symmetries. Otherwise if, under spatial reflections, it transforms as W µ (x) = −P W µ (P x), then Dirac equation is invariant, and thus W µ transforms as a pseudovector.
For an antisymmetric field transforming as
, that is a tensor field, the tensor potential
is invariant under Poincaré transformations. One can identify C µν as the electromagnetic tensor F µν = ∂ µ A ν − ∂ ν A µ , which can, for instance, describe the interaction between a Dirac field and an electromagnetic field [23] through a magnetic moment coupling, κ a . It also has been applied to compute spin-orbit interactions in atomic nuclei [17] [18] [19] . The tensor components of the Hermitian potential can be written in terms of the electric and magnetic fields as
Again, by means of an antisymmetric (tensor) field correspondence, D µν , the pseudotensor potential is defined by
Similar to pseudoscalar and pseudovector interactions, the invariance of Dirac equation
under spatial reflections constrains D µν to transform as a pseudotensor. If D µν (x) is taken as the electromagnetic tensor, the Hermitian potential is written as
and accounts for the interaction of the Dirac field with the electromagnetic field coupled by an electric moment, χ a . However, for this case, the Dirac equation is not invariant under spatial reflections once that the electromagnetic tensor does not invert its sign under spatial reflections. Table I summarizes the potential matrices in their covariant U (x), Hermitian V (x) = γ 0 U (x) and SU(2)⊗SU(2) decomposition formats, in particular, for tensor and pseudotensor potentials given in terms of the electromagnetic tensor fields, F µν (x). The full Hamiltonian with all the interactions from Table I reads
III. BISPINORS AND ENTANGLEMENT
The SU (2)⊗SU (2) representation of Dirac bi-spinors is generated by the free Hamiltonian given in terms of two-qubit operators,
2 [12, 13] for whose the solutions, in momentum space, are written in terms of a sum of direct products describing spin-parity entangled states
where s = 0 and 1 stands respectively for particle and antiparticle (intrinsic parity) associated frequency solutions and the spinor u s (p) is coupled to the spin states and it is related to the spatial motion of the respective solution. The above representation sets up the interface between relativistic quantum mechanics and quantum information theory, where the discrete degrees of freedom of Dirac bi-spinors are associated to a system S composed of two subsystems, S 1 (spin system) and S 2 (intrinsic parity system), circumvented by a composite
The corresponding bi-partite states are called two-qubit states, and from this point, our discussion shall be concerned with these types of states.
Composite quantum systems, as those prescribed by Dirac bi-spinors, can exhibit quantum correlations like entanglement. The entanglement is a consequence of the superposition principle and it is defined through the concept of separability. A bi-partite state is separable if it is possible to write its density operator as [24] =
where σ [24] ,
is a quantifier of the entanglement in . However, if the state is mixed, there is no guarantee that a mixed subsystem is associated to an entangled state. Entanglement quantifiers for mixed states can be built through the convex-roof extension of pure state entanglement quantifiers [26] . For instance, the entanglement of formation [27] is the convex-roof extension of the entanglement entropy, the average of the pure-state entanglement,
minimized over all decompositions of the mixed state on pure states, k . For two-qubit states, the entanglement of formation is given by
In this case entanglement of formation is a function of the concurrence C[ ] defined by [27] C
where λ 1 > λ 2 > λ 3 > λ 4 are the eigenvalues of the operator
Although its definition is primarily related to the entanglement of formation, concurrence is by itself an entanglement quantifier.
A generic two-qubit system can be written in the form of
where σ i are the Pauli matrices, [T ] ij = t ij is the correlation matrix and a 1 (2) are the Bloch vectors of the corresponding subsystem. For pure states a
, the concurrence is given in terms of the Bloch vectors as
Separable mixed states can exhibit quantum correlations other than entanglement [28] and their characterization is still a partially open problem. Quantum discord, for instance, is a measure of nonclassical correlations and it is defined as the difference of the total correlation between two subsystems before and after a perfect local measurement process in one of them [29] . The quantum discord related to measurements in the subsystem 1 is computed through the complete set of projectors in that subsystem, {Π
k }, as
where 2||k is the state of the subsystem 2 after the measurement Π k be performed on 1,
Since its definition involves an optimization process, it is impossible to derive an explicit formula for the quantum discord for a generalized state.
The study of the geometry of quantum correlations in the Hilbert space of states can also be adopted as another point of view over quantum correlations. In this context, the geometric discord D[ ] is defined as the minimum distance between the state and the set of states with zero quantum discord [30] . It has been demonstrated that D[ ] = 0 is a necessary and sufficient condition for vanishing quantum discord. For two-qubit states (27) geometric discord is analytically evaluated as
where || T || 2 = Tr[ T T T ] and k max is the largest eigenvalue of a 1 (2) a 2 1 (2) + T T T . For pure states, the geometric discord reduces to an entanglement measure.
IV. ANSATZ FOR THE DENSITY MATRIX
A density operator that commutes with Dirac Hamiltonian can be used to derive entan-
gling properties and open system effects of any Dirac-like system. A first step towards the derivation of such a density matrix can be implemented through the use of the explicit form of eigenspinors u s (p) and v s (p), the solutions to Dirac equation in momentum representation.
In an outstanding work, Wightman [31, 32] derived a formula for the density matrix of free spinor states with arbitrary polarization projections. That formula consists of a decomposition of the matrix u s (p)u † s (p)γ 0 in terms of the sixteen Γ i matrices and it has been used for very particular quantum field calculations. Despite resulting into normalized pure states, the Wightman procedure could not be straightforwardly generalized to obtaining spinors when the dynamics include external field potentials, which supports the main proposal of our work.
To quantify the role of external potentials presented in Table I onto the spin-parity entanglement of Dirac states, our preliminary analysis only accounts for constant external fields with E = 0, as to have the Hamiltonian from (20) rewritten as 
and O is a traceless operator given by
with
For such a generalized form of the Hamiltonian, it is easy to notice that the ansatz
with n, s = {1, 2}, provides the stationary solutions of the Liouville equation. The parameter λ is related to the energy eigenvalues and it is calculated through the equation
If O 2 = c 2 I 4 then λ is evaluated as
and it is the re-defined mean energy of (37),
The condition O 2 = c 2 I 4 is accomplished by an adequate choice of parameters. For instance, by the identification of some relative orientation of the vectors P, W and B for which is a pure state. On the other hand, if O = 0 then one has
and (37) is a mixed state.
For pure states, entanglement properties are given in terms of the Bloch vectors, as described in Sec. II. If O 2 = c 2 I 4 , the Bloch vector of the parity subsystem of (37) reads
From now on one may call it simply the Bloch vector and drop the subscript 2. The above formula is as general as possible and applications require a fine specification of parameters, i. e. the numerical values of m, µ and q, the modulus of the vectors P, B, W and their relative orientations. In the following, one shall identify four specific frameworks, and for all of them, time and space components of the vector potential (A 0 and A) are implicitly included into the respective definitions ofH and of P as that they transform as those ones under Poincaré symmetries.
Case W = B = 0 and q = 0.
As a first approach, let one consider the Dirac Hamiltonian of a free particle, modified by the inclusion of a pseudoscalar interaction,
where hereafter the role of A 0 can be completely neglected. In this exceptional case, the operator O is null and therefore the state obtained through the ansatz from (37), P S , is mixed. Given that its concurrence is null for any value of µ, m and P, this state is separable. Quantum correlations other than the entanglement are exhibited and quantified by the geometric discord computed from (31) and evaluated as
where free particles, and it reaches a maximized value at P = m 2 + µ 2 vanishing if P/µ 1 or P/µ 1. Quantum correlations do not vanish in the ultra-relativistic (UR) limit if the pseudoscalar potential is sufficiently large.
In the absence of the pseudoscalar potential the Hamiltonian exhibits a bi-spinor free particle(-like) structure, for whichH =H 0 = P · α + mβ and the density operator obtained
This density matrix can be related to the polarized spinors u s (P) and v s (P) (see [31] ) through the projection of 0 into polarization states,
The state {n} 0 corresponds to an unpolarized state that can be converted into a polarized state along the direction z µ , by the inclusion of the operator (1 − sγ 5 z µ γ µ ).
Case χ a = q = 0 and W = 0.
Let one now consider the free particle(-like) Hamiltonian (H with P) from (32) only with the inclusion of tensor and pseudoscalar potentials, i. e. with χ a = q = 0 and W = 0.
Such system can include effects of the magnetic momentum non-minimal coupling resulted from second order correction diagrams of quantum electrodynamics. Under the above assumptions one derives the following expressions for c 1 and c 2 ,
and for the Bloch vector,
By specifying some values of the above involved parameters, if the pseudo-scalar potential is absent (µ = 0), the entanglement depends only on P/m and on the relative orientation between B and P parameterized by their relative angle θ. Fig. 2 depicts the concurrence in terms of sin θ for µ = 0 and for pertinent values of P/m. Concurrence is an increasing function of θ and, once the UR limit is reached, the entanglement tends to the Heaviside theta function Θ(x). Therefore, if P/m goes to ∞ and P is not parallel to the magnetic field B, then the state is maximally entangled. Conversely, in the non-relativistic limit, P/m goes to 0, the concurrence vanishes.
For θ = 0, the concurrence is null even for µ = 0. Otherwise, if P and B are orthogonal, the entanglement also vanishes µ = 0 only if s = 1 and
Such a particular configuration has the concurrence depicted in Fig. 3 for both s = 1 and s = 2. For the first case the entanglement has a maximal point and it vanishes at θ = 0 and θ = π/2. In the UR limit, the concurrence tends to a square function Θ(x) − Θ(x − 1). For 
In this framework, the expressions for c 1,2 and a are the same as those from Eqs. (49) and (50) by replacing µ by m and κ a by χ a .
Case B = 0.
Only pseudovector and pseudoscalar potentials are added to the free particle(-like) Hamiltonian (H with P) when B = 0. In this case, one has
and the relevant parameters are given by
where M 2 = m 2 + µ 2 and with
which is obtained by setting either q = 0 or W · P = 0 as to be consistent with Eq. (39).
For q = 0, the entanglement is a decreasing function of cos θ = W · P/W P, as depicted in the first row of Fig. 4 for several values of P/M , with W/M fixed (first row) and for several values of W/M , with P/M fixed (second row). For the field W parallel to P the state is continuously separable. On the other hand, the entanglement is maximized for θ = π/2
only if W/m = 1. For a fixed P/M the entanglement decreases with W/M for s = 1 and it increases for s = 2 (c. f. Fig. 4) . Conversely, for W · P = 0 and non-vanishing values of q, the concurrence exhibits maximum values as shown by Fig. 5 . As W/M increases for a fixed value of P/M , the entanglement reaches a maximum point for s = 1 and it vanishes
for large values of q/M . For s = 2, the concurrence is a decreasing function of q.
Case χ a = 0.
By including pseudovector and tensor potentials into the free particle(-like) Hamiltonian (H with P) one hasH
where it has been set κ a = 1, in order to not overcharge the notation, and the relevant parameters are given by
, which is obtained under the constraint
as to fit Eq. (39) . One way to accomplish the above condition is by choosing q = 0 and m = 0. This simple framework describes a massless fermion under the influence of a tensor field and a pseudovector external field that has no time-like component. In this case the entangling properties are obtained in terms of
and the Bloch vector
For B and P perpendicular to W , the expressions for c 1 and c 2 simplify to
where the the minus (plus) sign stands for W (anti)parallel to ω B . The modulus of the Bloch vector is
If µ W < PB this expression exhibits an abrupt change of behavior at sin θ c = µ W/PB, in terms of this quantity the above equation reads
The behavior changes at sin θ = ∓ sin θ c , with the minus (plus) sign for W (anti)parallel to ω B . From (63), one concludes that W antiparallel to ω B corresponds to the converse case with the replacement of θ by −θ. For W parallel to ω B , the expression (66) simplifies to
therefore, if W/µ = 1 the state is maximally entangled for s = 1 if x > −x c , and for s = 2 if x < −x c . The corresponding concurrence for W/µ = 1 and for four values of P/µ are depicted in Fig. 6 . The entanglement is an increasing function of sin θ, however, it exhibits a discontinuity at sin θ = − sin θ c where there is an abrupt transition to a maximally entangled state. The same behavior is expected for W antiparallel to ω B but with θ replaced by −θ.
In this case, the entanglement is a decreasing function of sin θ, as shown in the second row of Fig. 6 .
In case of considering B · P = W · B = 0, i. e. for B orthogonal to P and W , the expression for c 1 keeps as it stands and c 2 and the Bloch vector are rewritten as
The entanglement depends on the orientation of B relative to the plane where P and W lie. Fig. 7 shows the concurrence as function of sin θ, for θ corresponding to the angle between W and P, for B parallel and antiparallel to ω W . For the values adopted therein, the entanglement has two zero points for s = 1 and one minimum point for s = 2.
In the UR limit, the entanglement neither vanishes nor tends to its maximum value. For this case
and the state is maximally entangled only for θ = π/2. Fig. 8 shows the concurrence as function of sin θ in the UR limit for several values of B/W . Entanglement is an increasing function of B/W , and for B W the state is maximally entangled for any value of sin θ.
Finally, if one considers κ a = 0 and µ = 0 analogous results are obtained by replacing µ by m, where the same entangling properties and effects are observed.
V. DISCUSSION AND CONCLUSIONS
Recent assertive results for which Dirac bi-spinors are described in terms of SU (2)⊗SU (2) parity-spin entangled states have been extended to SU(2) ⊗ SU (2) properties of these states are obtained via the concurrence, which is described in terms of For a Hamiltonian containing only the pseudoscalar potential, the states given by the ansatz (37) are separable mixed states. The evaluation of the geometric discord shows that such states have quantum correlations that are concentrated around P = m 2 + µ 2 . For free particles (µ = 0) our results are related to the free particle bi-spinors, u s (p) and v s (p), via projections onto polarized states.
When only tensor and pseudoscalar potentials are present, for the value of a magnetic field given by (52), entanglement vanishes whether B is either parallel or perpendicular to P. In addition, the entanglement tends to a square-shaped function in the UR limit, i. e.
the potential can generate a maximally entangled state provided that the state momentum is high enough.
The behavior of entanglement generated by a pseudovector potential depends on whether the spatial component of the potential, W , is perpendicular to the momentum, P, or if the time component of the potential, q, is null. For the former case, entanglement has maximum values depending on q and vanishes for q m 2 + µ 2 . For the latter case, entanglement is a decreasing function of cos θ, where θ is the angle between W and P, and therefore it vanishes for θ = 0.
The last class of potentials consists of a Hamiltonian containing the tensor, pseudovector, and pseudoscalar potentials. For a null time component of the pseudovector field, q ∼ 0, if W is perpendicular to both the magnetic field and momentum, entanglement has an abrupt change of behavior at sin θ = sin θ c = µW/PB. If W = µ, it corresponds to a transition from an entangled state to a maximally entangled state. Also for µW > PB, the state is maximally entangled for any θ depending on the value of s and the sign of W · ω B . If the magnetic field is perpendicular to both W and P, for specific values of the parameters, entanglement presents two minimum points.
Approaches to density matrices of Dirac bi-spinors often focus on deriving information content of such states when transformations to inertial and non-inertial frames are performed [33] [34] [35] . In such applications, the dynamics is described by a free Dirac Hamiltonian and are not straightforwardly generalized to include external fields. Although our approach is based on an algebraic ansatz, it recovers known results, such as the free particle limit, and it can be generalized to include all kinds of interacting potentials and localization effects.
Therefore, our density operator exhibits an effective description of any Dirac dynamics.
Considering that low-energy excitations of a nonrelativistic electrons in the single layer graphene exhibits a massless Weyl spinor structure often related to 2D Dirac equation solutions supported by a SU(2) structure, the quantum separability of electron-electron or electron-hole described through such structures can be quantified under different circumstances of interaction. For instance, when imperfections are present in graphene, Dirac equation with external fields effectively describes de low-energy excitations [21] and in the framework of trapped ions the Jaynes-Cummings Hamiltonian can be engineered in order to simulate the dynamics of Dirac equation with external fields [20] . In such systems, entanglement can be quantified through the framework present here and it can be generalized to include localization and dissipation effects, such as decoherence [24] . A phenomenological picture can be drawn using the derived formulas and the investigation of entanglement and correlation contents in these Dirac-like systems can provide new insights in their applications to quantum information and quantum computing tasks. Analogously, noticing that the trapped-ions work as a flexible platform to map several suitable effects in relativistic Dirac quantum mechanics (as for instance, in discussing the planar diffusion and the 2D scattering of the corresponding bi-spinor structures), the framework can also be considered in quantifying the pertinent quantum correlations related to the trapped-ion physics.
To summarize, given that the Dirac equation is the equation of motion for fermionic fields [23] , the entanglement content of Dirac particles [36] [37] [38] may also have a formulation extended to the context of Dirac fields, as in the description of fermion mixing [39] and neutrino oscillations [40] . 
